In this paper we address the problem of specifying boundary conditions for Einstein's equations when linearized around Minkowski space using the generalized Einstein-Christoffel symmetric hyperbolic system of evolution equations. The boundary conditions we work out guarantee that the constraints are satisfied provided they are satisfied on the initial slice and ensures a well posed initial-boundary value formulation. We consider the case of a manifold with a non-smooth boundary, as is the usual case of the cubic boxes commonly used in numerical relativity. The techniques discussed should be applicable to more general cases, as linearizations around more complicated backgrounds, and may be used to establish well posedness in the full non-linear case.
I. Introduction
In the Cauchy problem of general relativity, Einstein's equations split into a set of evolution equations and a set of constraint equations. Given initial data that satisfies the constraints one can show that the evolution equations imply that the constraints continue to hold in the domain of dependence of the initial slice. However, in numerical relativity, one usually solves the field equations in a domain of the form (t, x i ) ∈ [0, T ] × , with a bounded space-like surface with boundary ∂ . In this case the domain of dependence of the initial slice is "too small" and one wants to evolve beyond it. Then the question that arises is what boundary conditions to give at the artificial boundary [0, T ] × ∂ . This problem has two aspects to it. First, one wishes to prescribe boundary conditions that make the problem a well posed one which preserves the constraints. In addition to that, one might desire to embed in the boundary conditions some physically appealing property (for instance that no gravitational radiation enters the domain). These two aspects are in principle separate. In this paper we will concentrate on the first one, namely, how to prescribe consistent boundary conditions. The construction we propose ends up giving "Dirichlet or Neumann-like" boundary conditions on some components of the metric, with some free sources. The latter allow freedom to consider boundary conditions for any spacetime in any slicing.
If the field equations are cast into a first order symmetric hyperbolic form there is a known prescription for achieving well posedness for an initial-boundary value problem (this is discussed in detail in Sect. II), namely maximal dissipative boundary conditions [1] . Well posedness is a necessary condition for implementing a stable numerical code in the sense of Lax's theorem (this is well known in the numerical analysis literature [2] and was recently emphasized in the context of the Einstein equations in [3] ). However, additional work is needed if one wishes to have a code that is not only stable but that preserves the constraints throughout the domain of evolution. As we stated above, this implies giving initial and boundary data that guarantees that the constraints are satisfied. Traditionally, most numerical relativity treatments have been careful to impose initial data that satisfies the constraints. However, very rarely boundary conditions that lead to well posedness are used, and much less frequently are they consistent with the constraints. Only recently, following Friedrich and Nagy [4] , has work with numerical relativity in mind started along these lines [5] [6] [7] [8] [9] . Of particular interest is the recent paper of Szilagyi and Winicour [10] , which outlines a construction with several points in common with the one we describe here.
In this article we derive well posed, constraint-preserving boundary conditions for the generalization presented in [11] of the Einstein-Christoffel (EC) [12] symmetric hyperbolic formulation of Einstein's equations, when linearized around flat spacetime. The procedure consists in studying the evolution system for the constraint variables and making sure that the corresponding initial-boundary value problem is well posed through appropriate boundary conditions. There is some freedom in the specification of the latter. Next, we translate them into boundary conditions for the variables of the main evolution system. The main difficulty consists in making use of the freedom that one has in the boundary conditions for the evolution system of the constraint variables in such a way that the resulting boundary conditions for the main evolution system ensure well posedness. We consider the case of a non-smooth cubic boundary as is of interest in numerical relativity. This involves the additional complication of being careful about ensuring compatibility at the edges joining the faces. To our knowledge, this is the first detailed analysis of the initial-boundary value problem with a non-smooth boundary in the gravitational context.
The organization of this paper is as follows: in Sect. II we review the basic technique of energy estimates used to prove well posedness. In Sect. III we review the generalized EC symmetric hyperbolic formulation, write down the evolution system for the constraint variables and analyze under what conditions the latter is symmetric hyperbolic. In Sect. IV we compute the characteristic variables for the main evolution system and for the system that evolves the constraint variables. These characteristic variables are a key element for prescribing the boundary conditions that lead to well posedness. In Sect. V we write down the constraint preserving boundary conditions in terms of the variables of the main evolution system. In Sect. VI we derive the necessary energy estimates to show that all the systems involved in our constraint-preserving treatment are well posed. In Sect. VII we summarize the constraint-preserving construction of this paper. We end with a discussion of possible future improvements to and applications of the boundary conditions introduced in this paper. Some technical details are summarized in an appendix.
